ABSTRACT. In this paper, we realize polynomial H-modules Ω(λ, α, β) from irreducible twisted Heisenberg-Virasoro modules A α,β . It follows from H-modules Ω(λ, α, β) and Ind(M ) that we obtain a class of natural non-weight tensor product modules
Introduction
It is well-known that the twisted Heisenberg-Virasoro algebra H [1] is the universal central extension of the Lie algebraH of differential operators of order at most one on the Laurent polynomial algebra C[t, t −1 ], wherē It is clear that the subspaces spanned by {I m , C 3 | 0 = m ∈ Z} and by {L m , C 1 | m ∈ Z} are respectively the Heisenberg algebra and the Virasoro algebra. Notice that the center of H is spanned by {I 0 , C i | i = 1, 2, 3}. The representation theory on the twisted Heisenberg-Virasoro algebra has attracted a lot of attention from mathematicians and physicists. The theory of weight twisted HeisenbergVirasoro modules with finite-dimensional weight spaces is fairly well-developed (see [9, 12, 15] ). While weight modules with an infinite dimensional weight spaces were also studied (see [4, 14] ). In the last few years, various families of non-weight irreducible twisted HeisenbergVirasoro modules were investigated (see, e.g., [2] [3] [4] [5] [6] 10] ). These are basically various versions of Whittaker modules and U(CL 0 )-free modules constructed using different tricks. However, the theory of representation over the twisted Heisenberg-Virasoro algebra is far more from being well-developed.
In the present paper, we construct a class of non-weight H-modules by taking tensor products of a finite number of irreducible H-modules Ω(λ, α, β) with irreducible H-modules Ind(M). At the same time, inspired by [11] , a class of H-modules A α,β are given. Then many interesting examples for such irreducible twisted Heisenberg-Virasoro modules with different features are provided. In particular, a class of irreducible polynomial modules Ω(λ, α, β) over the twisted Heisenberg-Virasoro algebra are defined.
We briefly give a summary of the paper below. In Sections 2 and 3, we recall some known results and construct a class of modules A α,β over the twisted Heisenberg-Virasoro algebra. In Section 4, we determine the necessary and sufficient conditions for
to be irreducible. In Section 5, we present the necessary and sufficient conditions for H-modules
Throughout this paper, we respectively denote by C, C * , Z, Z + and N the sets of complex numbers, nonzero complex numbers, integers, nonnegative integers and positive integers. All vector spaces are assumed to be over C.
Some known results
In this section, we recall some definitions and known results.
Let C[t] be the (associative) polynomial algebra. Denote ∂ := t d dt
. We know that ∂t n = t n (∂ + n) for n ∈ Z. It is clear that the associative algebra A = C[t, ∂] is a proper subalgebra of the rank 1 Weyl algebra C[t,
]. We note that A is the universal enveloping algebra of the 2-dimensional solvable Lie algebra
, ∂] be the Laurent polynomial differential operator algebra.
Definition 2.1. Let P be an associative or Lie algebra over C and Q be a subspace of P.
A module V over P is called Q-torsion if there exists a nonzero q ∈ Q such that qv = 0 for some nonzero v ∈ V ; otherwise V is called Q-torsion-free.
Let us recall some results about irreducible modules over the associative algebra K.
Lemma 2.2. [11]
Let V be any C[t]-torsion-free irreducible module over the associative algebra A. Then V can be extended into a module over the associative algebra
Lemma 2.3.
[11] Let µ be an irreducible element in the associative algebra C(t) [∂] . Then
is a C[t, t −1 ]-torsion-free irreducible module over the associative algebra K. Moreover any C[t, t −1 ]-torsion-free irreducible module over the associative algebra K can be obtained in this way.
For any λ ∈ C * , define a K-module structure on the space Ω(λ) = C[∂], the polynomial algebra in ∂, by
Then Ω(λ) is an irreducible module over the associative algebra K for any λ ∈ C * (see [11] ).
Lemma 2.4.
[11] Let V be an irreducible module over the associative algebra K on which
Combining Lemmas 2.3 and 2.4, a classification for all irreducible modules over the associative algebra K are obtained. Now let us recall a large class of irreducible H-modules, which includes the known irreducible modules such as highest weight modules and Whittaker modules. For any e ∈ Z + , denote by H e the subalgebra
Take M(c 0 , c 1 , c 2 , c 3 ) to be an irreducible H e -module such that I 0 , C 1 , C 2 and C 3 act on it as scalars c 0 , c 1 , c 2 , c 3 respectively. For convenience, we denote M(c 0 , c 1 , c 2 , c 3 ) by M and form the induced H-module
Theorem 2.5.
[2] Let e ∈ Z + and M be a simple H e -module with c 3 = 0. Assume there exists k ∈ Z + such that
Then
(i) Ind(M) is a simple H-module;
(ii) the actions of I n , L m on Ind(M) for all n > k and m > k + e are locally nilpotent.
The following result will be used in the following (see [13] ).
Proposition 2.6. Let P be a vector space over C and P 1 a subspace of P . Suppose that
3 Realize H-module Ω(λ, α, β)
Let A be an irreducible module over the associative algebra K. For any α, β ∈ C, we define the action of H on A as follows
Denote the above action by A α,β .
Proposition 3.1. For any α, β ∈ C, we obtain that A α,β is an H-module under the action given in (3.1).
Proof. It follows from (3.1) that we have
That is,
Finally, the relation I m I n − I n I m = 0 on A α,β is trivial. Thus, we obtain that A α,β is an H-module.
Now we recall the necessary and sufficient conditions for A α,β to be irreducible (see [11] ).
Theorem 3.2. Let α, β ∈ C and A be an irreducible module over the association algebra K. Then A α,β as an irreducible H-modules if and only if one of the following holds
(2) α = 1, β = 0 and ∂A = A.
The isomorphism results for modules A α,β as follows.
Theorem 3.3. Let α 1 , α 2 , β 1 , β 2 ∈ C and A, B be irreducible modules over the associative algebra
β 2 as H-modules if and only if one of the following holds
(1) A ∼ = B as K-modules, α 1 = α 2 and β 1 = β 2 .
(2) A ∼ = B as K-modules, α 1 = 1, α 2 = 0, β 1 = β 2 = 0 and ∂A = A.
Proof.
(1) The sufficiency of the conditions is clear. Now suppose that ϕ :
for m ∈ Z. Combining (3.2) and (3.3), we obtain A ∼ = B as K-modules. From (3.2) and (3.3), it is easy to get
Then α 1 = α 2 . If β 1 = 0, these modules reduce to the Virasoro modules (see [11] ). This is (1) . By the [11, Theorem 12], we get (2) and (3). Now we realize H-modules Ω(λ, α, β) from A α,β . Let λ ∈ C * and α, β ∈ C. Then we get the irreducible K-module Ω(λ), which has a basis {∂ k : k ∈ Z + }, and the K-actions are given by
According to (3.1) we have H-modules Ω(λ, α, β) = C[∂] with the action:
Then Ω(λ, α, β) is irreducible if and only if α = 1 or β = 0 (see [3] ). In the following sections, we will consider a class of tensor product H-modules related to Ω(λ, α, β). Now we describe some other examples about irreducible H-modules A α,β , such as intermediate series modules, degree two modules and degree n modules.
with a basis {t k : k ∈ Z}. We see that the K-actions on A are given by
It follows from (3.1) that we get H-modules A γ,α,β = C[t, t −1 ] with the action:
If γ ∈ C \ Z or α / ∈ {0, 1} or β = 0, then A γ,α,β is an irreducible H-module (see [8, 9] ). In particular, γ ∈ C these modules A γ,α,β are the intermediate series modules of H (see [7, 9] ).
Some degree two irreducible elements in C(t)[∂]
were first constructed in [11] .
Then one obtain the irreducible K-module
which has a basis {t k , t k ∂ : k ∈ Z}. The K-actions on A are given by
where m, n ∈ Z. From (3.1), for α = 1 or β = 0, we have irreducible
Some degree n irreducible elements in C(t) [∂] were first constructed in [11] .
which has a basis {t
] are given by
for r ∈ Z.
Using (3.1), for α = 1 or β = 0, we obtain irreducible H-modules
i ) with the action:
where k, r ∈ Z, 0 ≤ m < n − 1.
Irreducibilities
In this section, we will determine the irreducibility of 
Now we consider the tensor product
. Define a total order " ≺ " on the subset
such that p k < q k and p n = q n for n < k. Lemma 4.1. Let S = {1, 2}, S ′ ⊆ S, λ ∈ C * , β i , α j ∈ C * , β j = 0 for i ∈ S ′ , j ∈ S \ S ′ and s ∈ Z + . Denote W s the vector subspace of Ω(λ,
Then each non-zero element w in
Proof. Without loss of generality, we may assume λ = 1. For any n ∈ Z + , f (∂ 1 ) ∈ W s , k ∈ Z, it is easy to get
By Theorem 9 of [16], we have
By the similar method, we obtain
has a series of L-submodules
Proof. For s, n ∈ Z + , k ∈ Z, it follows from Lemma 4.1 that we check
From Corollary 10 of [16] , we get
By the similar method, we have
By the similar method in Lemma 3 of [16] , we get the following results. 
Now we are ready to prove the irreducibility of H-module
Theorem 4.4. Let m ∈ N, S = {1, . . . , m}, S ′ ⊆ S and λ i ∈ C * for i ∈ S with the λ i pairwise distinct. Let β i , α j ∈ C * , β j = 0 for i ∈ S ′ , j ∈ S \ S ′ . Assume Ind(M) is an H-module defined by (2.1) for which M satisfies the conditions in Theorem 2.5. Then the tensor product
Choose a nonzero element u ∈ W with minimal degree. We claim that deg(u) = 0. If not, we assume
where I is a finite subset of Z m + and w p are nonzero vectors of Ind(M). Let ∂
m ⊗ w p be maximal among the terms in the sum with respect to " ≺ " and let i
′ be minimal such that p i ′ > 0.
First we consider i ′ ∈ S ′ . For enough large k ∈ Z, we obtain
where I is a finite subset of Z m + and w p are nonzero vectors of Ind(M). Now we consider i ′ ∈ S \ S ′ . For enough large k ∈ Z, one can easily to get
where I is a finite subset of Z m + and w p are nonzero vectors of Ind(M). By Proposition 2.6, we respectively consider the coefficient of λ
has lower degree than u, which is contrary to the choice of u. Hence, deg(u) = 0.
By Lemma 4.3, we see that It follows from Lemma 4.1 and Theorem 4.4 that we have the following remark.
is an H-module defined by (2.1) for which M satisfies the conditions in Theorem 2.5. Then the tensor product
is an irreducible H-module if and only if the λ i pairwise distinct.
Isomorphism classes
In this section, we will give isomorphism results for modules
We denote the number of elements in set A by card(A).
with the λ i pairwise distinct as well as µ j pairwise distinct for i ∈ S, j ∈ T . Let
Assume Ind(M 1 ) and Ind(M 2 ) are H-modules defined by (2.1) for which M 1 and M 2 satisfy the conditions in Theorem 2.5. Then
Proof. The sufficiency is trivial. We denote Ω(
where I is a finite subset of Z n + and v p are nonzero vectors of V 2 . There exists a positive
According to Proposition 2.6 in (5.2), we get p j ′ = 0, λ j = µ j ′ , card(T ′ ) = card(S ′ ), where
where
Using Proposition 2.6 in (5.3), one can easily to check that
Thus, (5.2) can be rewritten as
This completes the proof.
Remark 5.2. When S ′ = T ′ = Ø in Theorem 5.1, it was investigated in [16] .
New irreducible modules
In this section, we shall show that
For any l, m ∈ Z, s ∈ Z + , define a sequence of operators T 
C i • (v ⊗ t n ) = 0 for m, n ∈ Z, v ∈ V and i = 1, 2, 3.
Then V ⊗C[t, t −1 ] carries the structure of an H-module under the above given actions, which is denoted by M(V, γ(t)). Note that M(V, γ(t)) is a weight H-module if and only if γ(t) ∈ C and also that the H-module M(V, γ(t)) for γ(t) ∈ C[t, t −1 ] is irreducible if and only if V is irreducible (see [4] ).
Let d ∈ {0, 1}, r ∈ Z + and V be anH We note that M V, Ω(λ, α, β) is reducible if and only if V ∼ = V α,δ d,0 τ for some τ ∈ C such that δ d,0 βτ = 0 (see [5] ).
Lemma 6.1. Let λ i ∈ C * , α, β, α i , β i ∈ C, s ∈ Z + , d ∈ {0, 1} and M be an irreducible H emodule satisfying the conditions in Theorem 2.5. Assume that r ′ is the maximal nonnegative integer such thatĪ r ′ +d V = 0. Then 
